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A coarse-mesh nodal method for the efficient numerical solution of incompressible laminar
flow problems is developed using a transverse integration procedure followed by the introduc-
tion of locally-defined Green’s tensors of the transverse-integrated in-node Navier—Stokes and
mass conservation equations. In applications to 2-dimensional flow problems, including fuily
developed flow, inlet flow, and modified driven cavity problems (driven cavities with inlet and
outlet sections), this new nodal Green’s tensor method is demonstrated to have very high
accuracy even when applied on very large nodes. The high accuracy of this new method on
very coarse meshes leads to a high computational efficiency (reduced computer time for fixed
accuracy requircments ). © 1985 Academic Press, Inc.

1. INTRODUCTION

Accurate calculation of flow fields is an important aspect of the analysis of any
thermal hydraulic system. Since the fluid dynamics of such systems are described by
a coupled set of nonlinear partial differential equations (usually applied over many
heterogeneous regions), the analysis is usually carried out using numerical techni-
ques on a digital computer. In this paper, a new computationally efficient coarse-
mesh nodal method, based upon the use of locally defined Green’s tensors, is
developed and applied to the numerical solution of laminar incompressible fluid
flow problems.

Currently, the finite difference method is widety used to numerically solve such
problems [1-7]. In the finite difference method, the continuous differential
operators in the governing differential equations are replaced by discrete
approximate forms of these operators. Thus, the governing differential equations
are converted to a set of coupled algebraic equations. This set of coupled algebraic
equations is th:n solved by direct inversion or by an iterative technique.
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Two basic approaches exist for the solution of incompressible fluid flow problems
by finite difference methods [3]. The first approach uses the stream function and
vorticity as the dependent variables. This approach has the advantage that only two
variables need be calculated (in two dimensions). Moreover, only one transport
equation (for the vorticity) needs to be solved since the stream function equation is
a Laplacian. The main disadvantage of this approach is that the velocity dis-
tribution is usually desired and this must be constructed numerically from the vor-
ticity and steam function distributions. The boundary conditions are also usually
given as specified velocities or specified forces. This usually means that an iterative
strategy must be employed to find the boundary conditions in terms of the stream
function and vorticity. Moreover, should the pressure distribution be desired, an
additional differential equation must be solved numerically. The second approach
uses velocity and pressure as the dependent variables. Three variables and two
transport equations must be solved as opposed to the two variables and single
transport equation in the vorticity-stream function approach. Additionally, the dis-
crete forms of these differential operators sometimes have restrictive stability con-
ditions [3, 7]. Most production computer codes, such as SOLA [6], use velocities
and pressure as the principal dependent variables, since this approach tends to be
understood more easily by the general user.

In both approaches, difficulties exist in the representation of boundary conditions
and the advection term. In most problems, the finite difference method usually
requires that variable values actually defined on the interior of the domain be used
to approximate values on the system boundary. Thus, the applied boundary con-
ditions will, in general, only be satisfied approximately. The advection term requires
the choosing of a velocity from another cell, which in most cases leads to stability
restrictions.

Originally applied to the solution of structural mechanics problems [8, 9], the
finite element method has since been applied to the solution of fluid flow problems
[10, 17]. In finite element analysis, the region of interest is first divided into a set of
subdomains (finite elements). The variable(s) of interest are then approximated in
terms of a polynomial function with unknown coefficients over the element. A set of
coupled algebraic equations for the unknown expansion coefficients is then
developed by either minimizing a variational functional or, as is more frequently
done, direct application of a weighted residuals procedure. It has been shown that
the resulting set of algebraic equations has a direct correspondence to the algebraic
set of equations that results from the application of the finite difference method
(18, 197. The main advantages of the finite element method over the finite dif-
ference method are in its ease of application to irregular geometries (arbitrary-sided
triangular elements have been developed for 2-dimensional applications) and the
ability to easily change expansion functions (keeping the order fixed),
corresponding to a change of difference schemes in the finite difference method, on
an element-by-element basis.

As is the case in finite difference analysis, both the stream function-vorticity [10]
and the velocity-pressure [11] formulations have been used in the finite element
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analysis of incompressible fluid flow problems. Since the resulting algebraic
equations form a nonlinear set in both formulations, an iterative procedure is
usually followed in the solution of the algebraic equations.

Finite element methods are capable of satisfying most boundary conditions exac-
tly, but since this severely restricts the choice of expansion functions the boundary
conditions are usually satisfied in an approximate weighted residuals sense [17].
The advection term, as in the finite difference method, can require information from
other elements for its representation.

While the finite difference method and the finite element method are the two
approaches most widely used, mention will be made of three other methods used in
the solution of fluid flow problems, since these three methods, like the method
developed in this paper, make use of integral equations.

Recently, a numerical method, called the asymmetric separated region weighted
residual (ASWR) method, has been developed for the numerical solution of neutron
diffusion and fluid flow problems [20-23]. In the ASWR method, the test and
weighting functions are defined on nonoverlapping (separated) regions as opposed
to weighted residuals in the finite element method in which the test and weighting
functions are defined on the same region. Coupling of the regions is obtained by
enforcing continuity conditions on the interfaces between regions. The formalism
has been developed for 3-dimensional flows and the method applied to the solution
of both single phase and two phase transient 1-dimensional fluid flow problems.

A numerical method, called the surface source method, has been developed for
the solution of exterior potential fluid flow problems (the method is also applicable
to interior flow problems) [24]. In this method, a global Green’s function, with
Neumann boundary conditions applied at infinity, is used to develop an equation
for the flow field in terms of an integral evaluated over the surface of the body
immersed in the flow field. This integral equation is then solved by a localized
weighted residuals method in which the expansion functions are usually assumed to
be constant. Aside from the restriction to potential flow problems, the method can
yield (incorrect) results in which flow penetrates the solid boundary and/or is
infinite in magnitude.

The boundary element methods are similar to the surface source method. In
boundary element methods a global Green’s function (usually for the infinite
medium) converts the governing differential equation, typically for an interior flow
problem, to a global surface integral equation. This global surface problem is then
solved using a weighted residuals procedure. Unlike the surface—source method, it
can accommodate both Neumann and Dirchlet boundary conditions on the surface
[25].

As was the case for the finite element method and the ASWR method, which
were originally applied in fields other than fluid mechanics, the method developed
in this paper is based in part on two concepts used in the development of high-
efficiency computational methods for neutron diffusion problems in fission reactors
[26, 27]. In the first application to steady state neutron diffusion problems, locally
defined Green’s functions were used to convert differential equations applied locally
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over subdomains of the system of local multidimensional integral equations [26].
Later, this concept was extended to the solution of steady state and transient heat
conduction problems [28,29]. When these local Green’s function methods were
improved by combining them with a transverse integration procedure for con-
verting partial differential equations into sets of ordinary differential equations,
computational efficiencies one thousand times greater than conventional fully
accelerated finite difference method efficiencies were obtained for practical 3-dimen-
sional neutron diffusion problems [27].

In the present method, locally defined Green’s tensors of scalar arguments are
used to convert a set of ordinary differential equations, obtained by integrating the
partial differential equations of fluid flow over one independent variable, to a set of
local 1-dimensional integral equations. The “transverse-integrated” velocities and
pressure are described by these local integral equations in terms of related quan-
tities defined only on the surfaces of the volume elements. A nonlinear algebraic
equation set for the related surface quantities is then developed by evaluating the
local integral equations at element surfaces. This nonlinear algebraic equation is
solved by a Newton—Raphson procedure. The surface quantities are then sub-
stituted into the local integral equations for the transverse-integrated velocities and
pressure; finally, these equations are then solved on an element-by-element basis
through the application of a local weighted residuals procedure.

2. FORMALISM

2.1. Transverse Integration Technique

To develop a nodal Green’s tensor method for 2-dimensional fluid flow problems,
we begin by decomposing the system under consideration into a set of L rec-
tangular volume elements, V,=(—a,<x < +q,, —b,;< y < +b,). We then apply the
Navier-Stokes equations and the conservation of mass equation locally over a
volume element

d d
Ux(xa y) 'Ex' UX(X, y) + vy(x: y) 5; vx(xa J’)
32 32 0
-V va(xa y)+5? vx(x’ y) +b;]’(x, y)=fx(x9 }’) (la)
0 0
vx(x) }’) 5-; vy(x’ y)+ Uy(x, y) 5 vy(x5 )’)
32 a2 )
il v,(x, J’)+§; v,(x, ) +5;P(x, »=£xy) (1.b)

d d
' =0, 1.
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This set of equations is then formally made linear by moving the advection terms to

the right-hand sides of Eq. (1.a) and Eq. (1.b). The resulting left-hand sides of these
equations

02 i 0
(3 a0 94 53 005 ) )45 P )= b5 )= (05 2) T )
=[x, ) (2.2)
d? 02 il v
— (5;— 0,5 1)+ 520, y)) b )= (3 )= (5. ) V) (. )
—f(x ) 2b)
6 )5 - 0,(x.5)=0 (20)

are formally identical to the (linear) Stokes equations.

This set of coupled partial differential equations is then converted to a set of
coupled ordinary differential equations through the application of a transverse
integration technique. Specifically, we integrate Eqgs. (2) in the x direction over the
computational node (element) to form

2

v gy B =S10), (3a)
2 d
- y(y)+ P (y)=S3(»), (3.b)
d
d X Cx
@ 75(y)=83(y) (3)
where
_ +a
g)=] " dvglx ). )
In matrix form this set of coupled' ordinary differential equations becomes,
r 2 T
v —il—i 0
dy 3 -
2 d o3(») Si(y)
0 —v-= | {05 = S5 ), (5)
dy* dy| | _ -
7"y S3(»)
4
! dy .

! Actually, Eq. (3a) is not coupled to the other two equations. However, writing the equations in this
form is convenient at this point, and as will be seen, its solution will not depend upon the other
equations.
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where S*(y) consists of I*(y) and the artificial source vector Q*(y),

\

/ a +a !
B V‘a;Ux(x,Y) Ha_P(X,J’)Hz
iy e
g;(y) = ¢ V520X ) B ; (6)
Q3(»)
—Ux(x’ y), ig

which arises from the transverse integration. We now write Eq. (5) in matrix form
as

A{5*(y), P} = {S*W)} (7)

The development is now repeated to derive analogous equations for the x-depen-
dent, y-integrated quantities. Specifically, we now integrate Eq. (2) in the y direc-
tion over the computational node (i.e., volume element or cell) to form

v e+ L =Sy, (82)

a =
v B(x) = S}(x), (8b)
= 52(x)= i), (8¢)

X
where,
+b

g'x)=] dygxy) ©)

In this case, the artificial source vector, Q*(x), which arises from the transverse
integration is

a +b
V=X, y)

~ dy —b
0(x) ; .
O3(x) ) = v > v(x, p)| —plx y)TE (10)
~ &
Q3(x) S

_v‘v(x’ y)' ig
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In matrix form, Eq. (8) is written as
A, {7(x), 7 (x)} = {3*(x))}. (11)

Thus far, the set of partial differential equations, Eq. (2), has been converted to
two sets of ordinary differential equations, Eqgs. (7) and (11) through the
application of the transverse integration technique.

2.2. Local Green's Tensor Method Formalism

2.2.(a) Local integral equations for the transverse-integrated velocities and
pressures. A local Green’s tensor method is next used to convert the two sets of
ordinary differential equations Egs. (7) and (11) to two sets of local integral
equations. Starting with the x-integrated, y-dependent set, Eq. (7), we introduce the
adjoint Green’s tensor that satisfies,

d2
1% 2}7 0
& d
0 Vv d_"’y dy
d
0 - — 0
i dy i
G1(»1yo) GL(¥y1yo) GhL(¥1 o) 8(y = ¥o) 0 0
x |GL(y1yo) GhL{yipe) Ghlylye)| = 0 8(y—yo) 0 ,
GL(y1ye) GL(ylyo) GL(¥]yo) 0 0 3(y— yo)
(12)
or in more compact form,
AlG =d8(y—yy) L (13)
Multiplying Eq. (7) by (G")T and Eq. (13) by {¥*, p*}7 forms,
(GNTA{¥, 7} =(GNT {57}, (14)
{0%, p*}TALG = {7, 5"} T 8(y — yo) . (15)

Subtracting Eq. (14) from the transpose of Eq. (15), integrating over the node in
the y direction, applying Green’s theorem, and adding and subtracting the column
vector

U{G1{(£b] yo)} 53(£b)+ U{G}(£b ]| yo)} 55(+b), (16)
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yields,
U5(»o)
1y — y—= 1
B3(yo) ) = {G1(+b1 7o)} T2 H{GL(=b | yo)} T3
P*(¥o)
+{GH(+b1 yo)} T+ {GL(=b1 yo)} T

+f: dyL LGy | yo)} Si(p) + {GL(¥ | yo)} S3(ro)} + {GLy1¥0)} S2(»)]
(17)

d
_5x(+5) [U{GLHbl v} +v 5 (Gl | yo)}m]

d
—5;(—1))[11{61,(—})\ ¥} =v 5 (6L yo)}\-b]

F{GY(+b] m}]
b

d
—ﬁ;(+b)[U{GL(+bl Yo} +v % (G5 o)

+

{GY(—b] yo)}]-

d
—5;(—b)[U{GL(—b\ yo} =v % {63y yo)}

—b

Here, the y subscripts on the adjacent-element indices m, and k, indicate that these
indices correspond to the elements immediately above and below (in the y direc-
tion) the /th element, and

GL(}’ [ o)
{(GL{y 19} = GL(y 1 yo) ), k=123; (18)
G£3(y | ¥o)

U, is a parameter that is introduced in order to handle general boundary conditions

(See Sect. 2.4).
At this point in the development of the formalism, a judicious choice for the thus-
far unspecified boundary conditions on the adjoint Green’s tensor becomes obvious

d
UGI(£b| yo) £V P Gl{y1yo)lss=0, =123, (19)

d
UG;z(ib|yO)iva;GL(YlyO)libing(i—bly()):Oa i:192a 3- (20)

This choice simpiifies Eq. (17) to
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5;(J’O)
B3(r0) ) = {GLA+b1 yo)} I ™'+ (Gl —b 1 yo)} I
P (yo)
H{GL+b 1y} T 7 4 {GU(=b 1 po)} T

+ [ BLGH | 90} i+ (G4 | 70} S59)

+{GL(ry1 yo)} 5512, (21)

where the J quantities are defined on the surfaces of the computational nodes as

I = U+ B+ 2 0 i, (222)

P = U (=b) =y = 53] sy (220)
ok dy

syt = U400+ (3 4 510 o= 5740 ), (22¢)
d

sy =Usi(=b)= (v £ 5N = 7)), (224)

The entire development is now repeated for the y-integrated, x-dependent quan-
tities. Thus, Eqgs. (11) are converted to a set of local integral equations

v%(xo)
D3(xo) ) ={Gl(+alxq)} J;?_'[+ {Gl(—a|x,)} J’l_:'y:"’l
p’(x0)

+{G(+alx)} Ty +{Gh(—a | xo)} I

+[ 7 a{G10x 1 x0)} 810+ {G3(x | x0)} S3(x)

+{Glx [ x0)} S3(x)]. (23)

Here the x subscripts on the adjacent-element indices &, and m, indicate that these
indices correspond to the elements immediately to the left and the right (in the x
direction) of the /th element. These J quantities are defined analogously to those in
Egs. (22) as

- d
J"_:;x "= Usr(+a)+ (v p 72(x)

—ﬁy(+a)), (24a)

+a
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7 U —a) - (v 4 sm| - py(—a)), (24b)
Ux dx —a
Il =us < 5 24
5= v),(+a)+va)—cvy(x) . (24c)
Iy = Usy 4 g
5= vﬁ—u}—vz;vgx)_ (24d)

Equations (21) and (23) represent two sets of local integral equations which are
exact expressions for the directionally integrated velocities and pressures in terms of
the J quantities, which are defined only on the surface of the computational node,
and a node-volume integral of the total source terms. Expressions are next
developed for the J quantities and the total source terms. The elements of the
Green’s tensors developed here are given in Appendix B.

2.2.(b) Local integral equations for the surface quantities. A set of local integral
equations for the J quantities, analogous to Eqgs. (21) and (23), are developed using

T =2Ug (+b) - T (25a)
and
! — ny — 1y — 1
Jor =2Ugy(ia)—J;y , g=0,,0,. (25b)
This relation is equivalent to stating that the velocities and stresses are continuous

at the element interfaces. Evaluating Eq. (21) at the surface yields expressions for
the surface velocities which are substituted into Eq. (25a) to form

Ji ™= QUG (+b | +b)~ nJe

+2UGl(—b | +b) I

2 J: dy G1,(y | +b) Si(), (262)
J b =2UGH(+b | —b) I+ (QUG(=b | —b) = 1) /7™

+2U E: dy G1,(y [ —b) §5(y), (26b)
Jgfmy=(2UG§z(+b|+b)—1)1§5*1

+2UGH,(~b | +b) T2
y (26¢c)

+2U Jj: dy[GL(y | +b) S5(») + GL(» | +b) S5(»)],
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TR = 2UGL(+b | —b) I ™+ QUGH(~b | ~b)~1) T2~

¥ _ = 26d
+20 [ 6L -6 S+ Gty [ =0 5503

where only the nonzero entries of the adjoint Green’s tensor have been included to
simplify the expressions.

We next develop analogous expressions for the y-integrated J quantities by
evaluating Eq. (23) at the surface and using Eq. (25b),

J:_;m.rz QUG (+a|+a)— 1)',5'"{:.«—*1+2UGL(—a | +a)jl;z-1

U j+" dx[Gl,(x | +a) S(x)+ G} (x| +a) S¥(x)],  (27a)

i =2UG(+al—a) '+ QUG (—a )| —a) - 1) I

g f” dx[G} (x| —a) 5}(x)+ Gi,(x | —a) §}(x)],  (27b)
I ™= QUGYL(+a) +a)— 1) J5 T +2UGY(~a | +a) I

120U [ dx Ghix | +a) Sy(x), (27¢)

—a

I =2UGH(+a | —a) Iy "'+ QUGH(—a | —a) - 1) T

¥y

+20 [ dx Gx | —a) Sy(x). (27d)

Equations (26) and (27) have retained all the important qualities of Egs. (21) and
(23) for the transverse integrated velocities. Specifically, Egs. (26) and (27) are
exact expressions for the J quantities in terms of J quantities on adjacent surfaces
and a source term which is operated on by a Green’s function volume to surface
integral operator.

2.2.(c) Total source term equations. The source terms are now determined by
making local, low-order expansions for these terms
H

g;v(x) = z §1yh pih(x)’ l= 1, 2, 37 (283)
h=1
h=1

where the P;’s are Legendre polynomials.

Six equations for the 6H unknown expansion coefficients are developed by
requiring first that the node-averaged velocities and pressures be consistently
calculated from the directionally integrated velocities and pressures and, second,
that the forces balance within the node.

581/59/3-5
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To enforce the uniqueness of the node-averaged velocities and pressure, Eq. (21)
is integrated over the y direction and Eq. (23) is integrated over the x direction.
This yields two sets of expressions for the node-averaged velocities and pressure.
These two sets are then set equal to each other to form

Lt o +b +b Ho
GO 4757 [ e [ dy 6Ly o) X Spuly)
: - - h=1
+a +a H
=@U I T+ dxg [ dGlx I x0) X punx)
' —a -a h=1

+a +a H
+[Caxe [ axGh(x1x0) T o), (292)
a k=1

—a —

H

+b& +b
GO 71|y [ dyGh(yl o) X Supuly)
- - 1

h=

+b +b Ho
+[ o [y Gy y0) T FHapaly)
b —b h=1

= (/U T e e 1 o 34
=@UT T+ [ dn [ deGh(xIx) 3 Spu(x), (290)
—a —a h=1

.y 1 +b +b a4
b=y 71 [ v [ dy Gy 1 v) X Fupul)
- - h=1

+b +b H
+f dy, J dy Gy(y | o) Z 53 P3u(Y)
-5 —b A

=1

me—u ka_,l +a +a H .
=a[ - # Tty ]+J dxoj dx G3(x | xo) Z §th P1alx)
’ a h=1

—a —

H

+a +a
+_[ dx, j dx G3(x | xo) Z 5%, p3a(x). (29¢)
—a —a h=1

To balance the forces within a node, we integrate Eqgs. (2) over the node to form

+a - +b _ +a p+b
| TS+ Sion=[ [ axdysiyn (o)
+a _ +b _ +a p4+b
CaxSio+ | Si0=[ [ dxdy fitx ) (30b)

jj“de;(x)+jj: dy §x(y)=0. (30c)
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Inserting the expansions for the source vectors yields

H

+a p+b
Sapu) = [ dxdy fifx 1)312)

=1 —a % -

_ +b
S{hplh(x)""J’ dy

+a Ho +b LA +a p+b ,

[ Tax X spou+ [ dy Y sppun=] [ dedy £(x )310)
-4 h=1 - h=1 —a Y —

+a H B +b H _

J dx . s{hpsh(fo , dy Y, 55,pu(y)=0. (31c)
-4 h=1 - h=1

For the case H=1, Eqs. (29) and (31) uniquely determine the unknown expansion
coefficients for the total source terms in a node in terms of the J quantities on the
surfaces of that node. This expansion yields term of order #* (Appendix C). A for-
malism for the case H =3 has been developed in Appendix F of {34]. However, this
higher-order approximation has the disadvantage of requiring information from
two surfaces of the adjacent nodes, greatly increasing the complexity of the resulting
equations, and therefore has not been implemented.

2.2.(d) An alternative local Green’s tensor method. A formalism analogous to
that developed in Subsection (2.2.a) can be developed directly from Egs. (1), ie.,
with the transverse integration omitted. In that case, for a 2-dimensional problem,
the dependent variables remain functions of both position variables, the local
integral equations are 2-dimensional equations which include 2-dimensional
Green’s tensors, and the surface J quantities are functions of the computational-
element surface variable. The formal development of this alternative approach is
given in Appendix C. Because the final discrete variable equations of this alternative
method are more complicated than those that result from the developments of Sub-
sections (2.2.(a)~(c)), this latter formalism has not been implemented here.
However, it should be recognized that, aithough more complex, this alternative
method does directly yield more detailed information, viz, the constructed
polynomial spatial-dependence of the dependent variables in the interiors of the
computational elements.

2.3. Nonlinear Advection Term

As mentioned in Section 1, the numerical treatment of the advection term
presents certain problems in finite difference and finite element methods. In the
nodal Green’s tensor method, this nonlinear term appears only in the equations for
the total source term. More importantly, since it is the integral of the advection
term over the node which appears, it is possible to represent it in terms of the sur-
face quantities through the use of a Green’s theorem.

To prove this, we write out the right-hand sides of Eq. (31) to explicitly show the
advection term
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JM ft dxdy f(x, y)=f+a Jj: dxdy fx, y)

—a Y— a

[T dx v ) Vvt ) (320)

—a Y—b

J~+a +bb dx dy f }(x, y) =Jj: Jjbb dxdy f,(x, y)

—q Y —

-J‘ja Jj: dx dy(v(x, y)- V) v,(x, y), (32b)

Applying Green’s theorem to the second volume integral (of the advection term)
appearing in Eq. (32) (and using the mass continuity equation) converts it to a sur-
face integral

+b

f:ra _E: dx dy(v(x, y) V) vx, y)= J'ja dx[v,(x, y) v.(x, y)]

—b

+] i: dy[v¥(x, y)] i (33a)
Similarly,
[T dxanton ) Dms = st ) b
+E: dy[v.(x, y) v,(x, y)] i (33b)

We now approximate the surface velocities by replacing them with their average
values on the surfaces. Specifically, we replace the surface integrals on the right-
hand sides of Egs. (33) with

I f: dx dy(v(x, ) V) 0.x, )= [55(3) 530 *51/(2a) + [54(x) 84(x)| 221/ (26)
(34a)

f - J +: dx dy(v(x, y)- V) v,(x, y) = [53(p) 53(») +51/(2a) + [5%(x) 53(x)| £1/(2b).

(34b)

These approximations are developed by expanding the factors in the integrands and
truncating those expansions after the leading terms. Finally, we substitute the
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definitions of the J quantities in Egs. (22) and (24) into the right-hand sides of Eqgs.
(34) forming

rarb dx dp(v(x, y) V) o6 MR IR +T5™)
b y y x x
_._(J’;;fv*l_’_Jlﬁj—vky)(‘,’%—ﬂ_*_";;ky)}/(za)

+ {(J;r%(——»l_{_J'l}_;mx)Z
— (U TP Hb) 18U (35a)

and

[ axdytvtn ) V) oyt 9)

=[O )

> m
W)

ST TR 2a) 4 (T T

J
¥y

FST T IS I 251U, (35b)

2.4. Boundary Conditions
In a fluid system, either the velocities

vn( t ¢, Z) = vn,0(2)5 (363)
Us( i c, Z) = Us,0(2)9 (35b)
or the stresses
ov,
—p(te z)+2u =0,(2), (37a)
an +c,z
dv, Ov
—ny S - 7
u(as + an) tes TO(Z)’ (3 b)

where
n = normal direction
s = shear direction
c=a,b,; z=y,X

are specified on a boundary. In practice, it is very difficult to specify the state of
stress at a surface and the stress boundary conditions are usually replaced by
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=0(2), (38a)

+az

0
—plte,z)+2u 2
on

~14(2). (38b)

*c

Ov,

* on

For the transversely integrated system, the boundary conditions are taken to be
either

oy(£c)=05, (39a)
vi(Lc)=103, (39b)
or
_ d _ _
—p(xo)+u—i(Ltc)=0p (40a)
dn
d Y s
ﬂ%vs(i0)=fo§ s=y,x;c=a,b. (40b)

To accommodate these boundary conditions, we define a J*~' from a fictitious
element k, exterior to the system surface. Thus, specified velocities are given by

S =2Us,— I K, (41a)

T =208, — I, (41b)
and specified “forces” by

Jo =265+ JF, (42a)

JE =2+ IR (42b)

Had U been selected to be zero (Sect. 2.2.(a), only the specified velocity (Dirichlet)
boundary condition could be handled. Conversely, selecting 1/U =0, permits only
stress (Neumann) boundary conditions in the formulation. This more general for-
mulation permits both these types of boundary conditions (and if needed, type
three or Cauchy boundary conditions) to be handled without changing the Green’s
tensor on an element basis.

Therefore, in the nodal Green’s tensor method the global boundary conditions
are represented exactly on the global system surfaces by simple algebraic
relationships between J quantities defined on these surfaces. This is in contrast to
finite difference where the boundary conditions must frequently be approximated in
terms of quantities not defined on the system surface.

2.5. Solution of the Nodal Green’s Tensor Method Equations

In practice, Egs. (29) and (31) are used to obtain exact algebraic expressions for
the total source term expansion coefficients in terms of the J quantities. These
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expressions are then directly substituted into Eqs. (26) and (27). These equations
are then combined with the expressions for the specified boundary conditions to
form a nonlinear (due to the representation of the advection terms) algebraic
equation set solely in terms of the J quantities. This nonlinear algebraic equation
set is solved by a Newton-Raphson procedure. The expansion coefficients for the
total source terms are then calculated. Finally, the integral expressions for the direc-
tionally integrated velocities and pressures are evaluated using a local weighted
residuals procedure.

To solve for the J quantities using the Newton—Raphson method, the nonlinear
equation set formed by combining Egs. (26) and (27) with the appropriate boun-
dary conditions is written as

f{x)=0, (43)
where
x;=J., i=1.,N,
N = the number of J quantities to be determined.

Applying the standard Newton-Raphson procedure, Eq. (43) is converted to a
series of linear problems of the form

0=f(x")+J(x"*' —x"), (44)
where

J is the Jacobian of f(x),
and

n is the iteration index,

by expanding Eq. (43) in a Taylor series about x"*!. The iterations are terminated
when

[fix")| <e (45)
and

n+1l __ yn
X; X;

<, i=1,., N (46)

x?
The set of linear equations, Eq. (44), is solved by inverting the Jacobian directly
or by using an iterative technique in which J quantities defined on constant y sur-
faces are determined alternately with the J quantities defined on constant x surfaces.
After the J quantities have been determined, the expansion coefficients for the
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total source term are calculated using Egs. (29) and (31). Equations (21) and (23)
are then used to evaluate the directionally integrated velocities and pressure via a
local weighted residuals procedure. Independent local, low-order expansions are
made for the directionally integrated quantities

I
g(ZO) = Z Wfpj(zo), 8= Ei’ 5;7 6i’ ﬁi’ ﬁx, py: (47)
i=1
and the expansion coefficients determined. Multiplying each row of Egs. (21) and
(23) by the linearly independent weight functions u,(z), i=1,.., I and integrating
over the node yields

(41w} = {(Gop} = 4+ {Gspa} '+ Y [Grvmd{0n),  (48)
where
(Gsndi=[ " dzgudze) Gl —c | 20), dim{Goyry = {1}, (49)
(Gsvahi=|  dzoulzo) Gul+c120), dim{Gsyo}={I},  (50)

[Gonly=[ " drguizo) [ dzpf2) Gz 120),  dimlGy,] =LIxH],  (51)

+d
[43y= " dzouiz0) 4.(z0). dim[A] =[x, (52)
and for
g=6§ h=ﬁ§’ z=Y, C=b) s=1, t=1a ezsx’ (533)
g=1vy h=13, z=y, ¢=b, s=2, t=2, 0=35% (53b)
g=[3": h=ﬁ_y, z= Yy, (,‘=b, s=2, t=3, 0=§x’ (53c)
g=00 h=17}, z=x, c=a, s=1, t=1, 0=3§", (53d)
g="0 h=1v}, z=x, c=a, s=2, t=2, 6=5, (53e)
g=p"h=0%, z=x, c=a, s=1, t=3, 0=§, (53f)

Finally, Eq. (48) is multiplied by [4] ' to generate the local low-order matrix
equations that are used on an element-by-element basis to evaluate the local expan-
sion coefficients,

3
{W}={65V1}J§_z+{63n} JPl+ 2 GVVm{gm}' (54)
m=1
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Here the tildas indicate that the inverse of the 4 matrix has been incorporated into
the definitions of the G matrices. These equations are entirely local equations and
do not involve any long-range coupling. Moreover, the local matrix expressions for
the expansion coefficients of the directionally integrated velocities and pressures are
independent of each other. Therefore, once the J quantities are determined it is not
necessary to evaluate the directionally integrated velocities in order to determine
the directionally integrated pressure and vice versa. This independent determination
of the directionally integrated velocity and pressure distributions is a very desirable
feature of the present method, and does not occur either in most finite element
methods for fluid flow problems, in which it is necessary to simultaneously solve for
the local expansion coefficients for both the velocity and pressure, or in most finite
difference methods using a Laplacian pressure formulation, in which the velocity
distribution must be determined before solving for the pressure distribution.

3. NUMERICAL EXAMPLES

3.1. Introduction

The nodal method developed in the previous section has been applied to the
numerical solution of incompressibie fluid flow problems. Three sample problems
have been solved: (1) fully developed flow between parallel plates, (2) inlet flow
between parallel plates, and (3) a modified driven cavity problem. The fully
developed flow problem and the modified driven cavity problem were solved for
four values of the Reynolds number, Re =1, 10, 100, 1000; the inlet flow problem
was solved only for the Reynolds number, Re = 10. The inlet flow problem and the
modified driven cavity problem were also solved using a finite difference, marker
and cell, method code, SOLA [6]. ’

5 c 2 T o1 L. . 1

the accuracy of a numerical method, it is necessary to establish a reference or
benchmark solution. Analytical solutions to the partial differential equations of
fluid flow are generally hard to obtain, as was mentioned in Section 1. Therefore,
the benchmark solutions are usually generated using numerical procedures.

3.2. Fully Developed Flow Berween Parallel Plates

A sample fluid flow prblem with fully- developed flow between parallel plates was
defined in 2-dimensional rectangular geometry. The geometry of the problem and
the boundary conditions are shown in Fig. 1. Since the analytic solution is known,
the nodal method solution was compared to it rather than to a SOLA generated
solution.

To evaluate the accuracy of the nodal Green’s tensor method, the global flow
region was divided into quadrants of equal area as shown in Fig. 1. The average
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FiG. 1. Geometry and boundary conditions for the fully developed flow problem (showing
quadrants over which the velocities were averaged), where Re='max’y/v=1, 10, 100, 1000;
v=001cm?s; L,=100.cm; L,=20.c¢m; and P,=1.x107% 1.x107% 1.x 1073, 1.x 10~ %cm?¥/s.

x-directed velocity and the average y-directed velocity were then evaluated in each
quadrant using the nodal Green’s tensor method and the average values compared
to the analytic average velocities. This method of comparison thus provides a
measure of the average error of the method over large regions while retaining a
representation of the local flow distribution.

The problem was solved for four values of the Reynolds number, Re =1, 10, 100,
and 1000 on four different mesh spacings, 2x 2, 4 x4, 6 x6, and 8 x 8 elements. In
the fully developed flow probiem the average quadrant velocities are given by

U, =1(3.3333x10"*)x Re
v, = 0.0.

Additionally, in this problem the average quadrant velocities are identical. In alil
cases, the nodal Green’s tensor method gives the analytic answer to the accuracy of
the convergence criterion, £¢= 107>, specified in the numerical procedure. (The
calculated node-averaged velocities for every node also agreed with the analytical
values to within this accuracy for all the meshes and Reynolds numbers.)

3.3. Inlet Flow Between Parallel Plates

A sample fluid flow problem with developing flow at the inlet section between
parallel plates was defined in 2-dimensional rectangular geometry. The geometry of
the problem and boundary conditions are described in Fig, 2. In this problem the
analytic solution is not known in closed form, although approximate solutions

V=V, =0
T
|
1
-]
Vx*Vno _C___~__y ________ —u-a—:v‘+p=0
y X 9 -
%0 ' WO
Ly
)
v, =vy=0

FiG. 2. Geometry and boundary conditions for the inlet flow problem (showing quadrants over
which the velocities were averaged), where Re=v,,L,/v=10; v=001 cm?/s; L, =10.cm; L, =10. cm;
v,0=001 cm/s.
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based on boundary layer theory are known. The dimensions of this problem were
selected so that the total length of the flow region was approximately twice the
entrance length predicted using boundary layer theory [30].

As was the case for the fully developed flow problem, the accuracy was examined
by dividing the flow region into quadrants of equal area. Since the analytic solution
to this is unknown, reference solutions for these quadrant-average velocities were
obtained via a double-Richardson extrapolation of the nodal Green’s tensor
method results to eliminate the 4% and A* error terms, since analysis of the results
generated using the SOLA code showed that they were far from exhibiting an
asymptotic 4 or h* error behavior [31]. The results of the calculation for Re = 10
are summarized in Table I, where only two quadrant y-directed velocities are
shown, since the problem is symmetric about the centerline and the quadrant-
average x-directed velocities were all identical to the reference values (which were
also in agreement with the values obtained using boundary layer theory). As shown
in Table I, the nodal Green’s tensor method obtained accurate results on meshes
that are twice as coarse as the SOLA meshes. (The right quadrant velocity values in
Table I obtained by the SOLA code are deceptive due to its numerical treatment of
the outflow boundary condition. The result of this treatment is that the flow field is
forced artificially to have the fully developed pattern even on relatively coarse
meshes. The fact that the SOLA results are not yet fully spatially converged is

TABLE 1

Comparison of the Results Obtained Using the NGTM for an Inlet Flow Problem for Re =10 with
Those Obtained Using the SOLA Code

Lower left quadrant Lower right quadrant

Mesh v, % error® v, %error® CPU(s)?

SOLA (Finite Difference Method)

12x12 0.884 x 103 20.2 1.215x 104 14.1 4¢
16 x 16 0.948 x 103 144 1.204 x 10—* 149 15¢
24 x24 1.006 x 10~3 9.2 1.217x10~* 139 100°
32x32 1.034 x 103 6.7 1.227x10~* 13.2 250¢

NGTM (Nodal Green’s Tensor Method)

4x4 0911 x103 17.8 0.313x 104 719 0.6

6x6 1.031 x 1073 6.9 0.847 x 10—+ 40.1 2.0

8x8 1.065x 103 39 1.095x10~4 226 6.0
12x 12 1.089 x 10 1.7 1.272x10~* 100 30.0¢
(EXT)* 1.108 x 103 1.414x 104

4 Relative to extrapolated answer.

5 All times for CDC-7600, OPT = 1.

¢ CPU time estimated for specified accuracy of ¢ =105,

4 Results obtained from 6 x 12 half mesh, CPU time is estimate for 12 x 12 mesh.
¢ h?— h* double-Richardson extrapolation [31].

Note. All results for specified accuracy, ¢= 107>
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F1G. 3. Geometry and boundary conditions for the modified driven cavity problem (showing
quadrants over which the velocities were average), where Re= L, v,/v=L, v;/v=1, 100, 100, 1000;
v=001 em¥s; L, =10.cm; L, =10.cm; L, =20.cm; L,,=20.cm; v,=5.x107%, 5.x 1073, 5.x 1072,
5.x 10~} em/s.

evidenced by the changing left quadrant volicities.) The computing times of this
nodal method are much shorter than those of the SOLA code, which was run using
its steady state algorithm.

3.4, Flow in a Modified Driven Cavity—Re =1, 10, 100

A sample fluid flow problem for flow in a modified driven cavity was defined in
2-dimensional rectangular geometry. The geometry of the problem and the boun-
dary conditions are shown in Fig. 3. The problem is called a modified driven cavity
because of the presence of the inlet and outlet sections at the top of the cavity. The
accuracies were examined in this case by dividing only the cavity into quadrants of
equal area. The average quadrant velocities were then calculated from the results
obtained using the SOLA code on five different meshes, 4 x4, 6x 6, 8 x8, 12x 12,
and 16 x 16, with a convergence criterion ¢ = 10"!°. The problem was also solved
using the nodal Green’s tensor method on four meshes, 2x2, 4 x4, 6x6, and 8 x 8,
with a convergence criterion &= 10" Comparison of the computed quadrant
velocities showed that while the SOLA results had not yet reached an h? con-
vergence rate, the nodal Green’s tensor method had obtained this rate. Therefore, in
this problem, the reference quadrant velocities were also extrapolated from the
nodal Green’s tensor method results.

In order to compare the computational efficiency of the two methods, the SOLA
code was used to calculate the quadrant average velocities with a convergence
criteria of e=10"° on four meshes, 2x2, 4x4, 6 x6, and 8 x8. The computing
times were calculated at all four mesh spacings for both methods. Least-squares fits
to linear functions were then made between the logarithm of the average relative
error and the logarithm of the number of elements and between the logarithm of
the computing time and the logarithm of the number of elements (Fig. 4). A linear
relationship was then established between the logarithm of the error and the
logarithm of the relative computing time (Fig. 5).

Figure 5 shows the relative computing time as a function of specified average
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FiG. 4(a). Lest squares fits of the CPU times of SOLA and the NGTM as a function of the number
of elements for the modified driven cavity problem Re=100; (b) Least squares fits of average relative
error ¢ of SOLA and the NGTM as a function of the number of elements for the modified driven cavity
problem Re = 100.
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FiG. 5. Relative (CPU) computer time of the nodal Green’s tensor method (NGTM) compared to
that of the finite-difference code SOLA for the same average relative accuracy of the quadrant-averaged
velocity values in the cavity region of a modified driven cavity for three values of the Reynolds number
Re.
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relative error for three values of the Reynolds number Re=1, 10, and 100. The
advantage in computational efficiency of the nodal Green’s tensor method relative
to the SOLA code is caused by its high accuracy even on very coarse meshes.

3.5. Modified-Driven Cavity Problem—Re = 1000

To further demonstrate the high accuracy of the new method, it was applied to
the solution of a modified driven cavity problem with Re = 1000. Figure 6 shows
the flow pattern for the cavity region as calculated by the nodal Green’s tensor
method. The counterflow pattern shown in the lower right-hand corner represents a
weak vortex that normally does not appear in the results of finite difference

— caleplationsat this Reynalde number upless extremely finemeshes aza nsed {30 1 10

most methods, it would be necessary to refine the mesh further to fully resolve the
vortex motion. In the nodal Green’s tensor method, the average surface velocities
can be calculated by adding the J quantities defined on the nodal surface. When
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FiG. 6. Flow map of the cavity region of a modified driven cavity calculated using the nodal Green’s
tensor method on an 8 x 8 cavity mesh for Reynolds number Re = 1000. Arrows indicate node-averaged
velocity magnitudes and directions; numbers indicate node-averaged velocity magnitudes. Note that the
counter-flow pattern in lower right corner of cavity is resolved even on this 8 x 8 mesh.
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FiG. 7. Surface-average and nodal-average velocities of the four elements in the lower right-hand
corner of the cavity region Re = 1000 showing the weak counter-flow vortex pattern.

this is done (effectively halving the mesh), the vortex motion is indeed resolved as
shown in Fig. 7, which shows the direction of the surface-average and node-average
velocities of the four elements in the lower right-hand corner of the cavity.

4. CONCLUSION

A new numerical method based on the use of local Green’s tensors has been
developed and applied to the numerical solution of laminar fluid flow problems.
This method uses the local Green’s tensors to convert a set of ordinary differential
equations, obtained through the applications of a transverse integration technique
to the coupled Navier-Stokes and conservation of mass equations, to a set of local
integral equations. These local integral equations are exact expressions for the
transverse-integrated velocities and pressures in terms of surface quantities and
“total” source terms (which are approximated in terms of the surface quantities).
This representation is highly accurate even on very coarse meshes, and leads to
vastly greater computational efficiencies compared to more standard methods.

In addition to being computationally more efficient than standard numerical
methods, this coarse mesh method also has a simpler and more accurate treatment
of boundary conditions than those methods. All boundary conditions for these
problems have simple algebraic representations in terms of the surface-defined
J-quantities as opposed to finite difference methods, where the boundary conditions
are frequently approximated by quantities inside the domain rather than on its sur-
face. The advection term is also represented (in conservative form) in terms of the
surface J quantities (its effect being propagated over the volume by the Green’s
integral operators), thus eliminating the difficulties encountered in using the various
finite difference representations (and their finite element analogs).

Finally, although the present method is developed in only two dimensions, which
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covers a wide range of fluid flow problems, the extension to 3-dimensional
calculations, will require no changes in the formalism. Application to 1-dimensional
pipe flow, in which some simple problems have already been solved are not repor-
ted again here [33, 34], requires a modified formalism.

APPENDIX A: MopeL HEaT CONDUCTION PROBLEM

In order to show in detail the Green’s function techniques used in the method
developed in this paper and to emphasize the differences between these techniques
and more standard methods, such as finite differences, the solution of a 1-dimen-
sional heat conduction problem, using local Green’s function techniques and a finite
difference control volume formulation, is now presented. More comprehensive
presentations of Green’s function techniques in the context of heat conduction are
given in [28 and 297]. The 1-dimensional heat conduction for Cartesian geometry is

given by
d d
c_b_c(kd—:>+S=0’ (A1)

where

k = thermal conductivity
T = temperature

S = volumetric heat source.

We first formulate the control-volume method for this equation. Following the
procedure outlined in Patankar [35], we divide the domain into a series of grid
points P, which have neighboring points designated E and W (see Fig. A.1). The
interfaces between the grid points which define the control volume about the point

are designated as x, and x,,.
Equation (A.1) is now integrated over the finite control volume to form

d d Xe
(k%) xz—(ké) xw+Lw dx S=0. (A2)
1 1)
. :
W ; p E E
*u Xe

X —

Fi6. A.1. Control volume for heat conduction.
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The second step is to assume an interpolation or profile over the volume. This
choice is arbitrary, but the most common is a piece-wise linear profile.

The assumed profile is now used to evaluate the derivatives in Eq. (A.2). Inserting
the assumed profiles yields,

k(Tg—T,) ku(T,—T,)

r.—x) (x,—x.) + 5 4x=0. (A.3)

The interface thermal conductivities k, and k, must be evaluated in such a manner
so as to ensure continuity of the heat flux. The integral of the source term has been
replaced by its average over the volume.

Finally, Eq. (A.3) is rearranged to form,

a,T,=azTe+a,T,+b (A4)
where
agp=k,/(x,—x,) (A.5a)
a,=k,/(x,~x,) (A.5b)
a,=ag+a, (A.5¢)
b=84x. (A.5d)

This is the final working form of the finite control volume formulation: A discrete
pointwise value of the temperature in terms of its neighboring (in this case)
pointwise temperatures.

Several comments need to be made on Eq. (A4):

(1) The equation is in terms of pointwise temperatures not distributions over
the control volume. An approximate distribution based on the assumed profile can
be constructed once the grid point values are known.

(2) The values of the coefficients a,, a;z, and a, depend directly on the
assumed profiles.

(3) The nearest-neighbor coupling shown in Eq. (A.2) is dependent on the
assumed profile. Other profiles could have led to coupling to more distant points.

(4) The interface conductivities k£, and k, must be evaluated carefully to
preserve continuity of the heat flux.

(5) The exact analytic solution to Eq.(A.1) will not, in general, satisfy
Eq. (A.4) on a discrete grid.

The development of a local Green’s function method for 1-dimensional heat con-
duction also starts with Eq. (A.1),

d ( d
a(k:gg)+S=O. (A.1)

581/59/3-6
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Next, we introduce the Green’s function that satisfies

d

d
o k o G(x 1] xg)+ dx—x4)=0. {A.6)

Equation (A.1) is now multiplied by G(x | x,) and Eq. (A.6) by T(x) to form

d dT
G(x | xq) o k E-}- G(x | x5)S=0 (A.7a)
d
T(x) g k —a% G(x | xg) + T(x} 8(x — x4)=0. (A.7b)

Equation (A.7a) is now subtracted from Eq. (A.7b) and the result rearranged to
form

d  dT
T(x) 6(x — x¢) = G(x | xo) 2}“ k a

d d
—T(x) - k = G(x | xq) + G(x | x¢) S. (A8)

We now integrate Eq. (A.4) over the control volume P, and using Gauss’ theorem
on the first two terms on the RHS of Eq. (A.4) yields:

dT

TP(xo)=G(x | xo) k dx

ar
— k —

Xe

+ f " dx Gix | xo) S7(x)

Xy, Kw

d
—~T(x)k = G(x | xgo)

Xe

—[T(x) k % G(x | xq)

] (A9)

Equation (A.9) is the standard format for the local Green’s function method. Some
comparisons with Eqgs. (A.4) and (A.9) make clear the very different natures of
these two methods:

(1) Equation (A.9) is an exact analytic expression of the temperature dis-
tribution within a control volume. Equation (A.4), as stated before, is only an
approximate equation for a point value of the temperature.

(2) While the first three terms on the RHS of Eq. (A.9) bear a superficial
resemblance to Eq. (A.2), the Green’s operators in each term relate the surface
fluxes and sources to the distribution. Thus, unlike Eq. (A.2) which is an expression
of the conservation of energy wiithin the control volume (specifically the heat flux
out equals the heat flux in plus the heat deposited directly in the volume), Eq. (A.9)
is an expression for the temperature distribution within the cell in terms of the heat
fluxes and the heat generated.



A NODAL COARSE-MESH METHOD 433

(3) Unlike Eq. (A.4), the exact analytic temperature distribution always
satisfies Eq. (A.9).

To actually solve Eq. (A.9), we first add and subtract the following two quantities:

UG(x | x0) T(x)] .,  UG(x|xo) T(x)4,, (A.10)

where U is a “fictitious” heat flow resistance (or contact resistance). This parameter
is introduced in order to generalize the handling of boundary conditions. Rearrang-
ing the resulting equation yields

T?(xy)= {G(x | xo) [UT(x) +k ad; T(x)]}

Xe

+{6tx1 30 [ r -k 2 10 .

d
— < T(xp) [UG(X [ x0)+k e G(x | xo)]}

Xe

Xw

{70 06x 1301k 5 Gx 1 |
+J dx G(x | x¢) S?(x). (A.11)

To simplify Eq. (A.11), we specify the boundary conditions on the Green’s function
to be

{UG(X | xo) + Kk d—‘i G(x | xo)} =0 (A.122)
{UG(x | Xo)—k Ed; Glx | xo)} =0 (A.12b)

This reduces Eq. (A.11) to

TP(xy) = {G(x | X) [UT(x) +k ad; T(x)]}

Xe

+ {G(x | x0) [UT(x)——k Ed; T(x):l}

X

+ jx” dx G(x | x4) S(x). (A.13)
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To simplify Eq. (A.13) we define the terms in square brackets as

Jf=[UT(x)+k % T(x)]} (A.14a)
J§=[UT(x)-—k 4 T(x)]} (A.14b)
dx x
Equation (A.13) then becomes
T?(x0) = G(x, | x0) J + G(x,, | Xo) J%,
+ f dx G(x | xq) S(x). (A.15)

Therefore, as shown in Eq. (A.15), if exact analytic expressions for the J-quantities
can be obtained, an exact analytic expression for the temperature distribution over
control volume P is obtained. Such expressions are easily obtained using the follow-
ing equation:

JP=2UT"(x,)— JE (A.16a)
JE=20T*(x,)—J* (A.16b)

and substituting for the surface temperature the expression given by evaluating Eq.
(A.15) at the appropriate surface. The resulting equation is an exact, analytic
expression for the J’s.

The remaining steps for both methods are very similar. The control volume
approach yields a tridiagonal matrix in the 7,’s, which can be solved easily using
standard methods. The 7,’s can then be used to find the approximate interface
values and control volume distribution. The local Green’s function method forms a
tridiagonal matrix in the J’s, which are used to find exact interface values and exact
control-volume distributions.

APPENDIX B: GREEN'S TENSOR ELEMENTS

(U(b — o) +0)(U(b + y) +0)

Gh(y | yo)= 20+ v) herer (B.1)
(U(b+ yo) +0)(Ub — y)+ )
20(Ub +v) YoSy< +b
G‘Sl(y l y0)=G§1(y | ¥0)=0 (B.2)
Gy ye)=0 (B.3)

Gh(y | yoy=1./2U) (B.4)
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GL(y1yo)=% -bgy<y, (B.5)
=—3 Yo<y< +b

Gli(y | y0)=0 (B.6)

G} =4 -b<y<

INSARDES Y& Jo (B.7)
=3 Yo< Y<K +b

GL(y | yo) = (U/2) + vd(y — y,) (B.8)

G1,(x | xo)=1/(2U) (B.9)

Gli(x ] x0)=0 (B.10)
Gl (x]xs)=1 —a<x<x

W e ° ®B1
=-1 Xo<xX< +a

Gly(x | x4)=0.0 (B.12)
(U(a—xo) +o)(U(a+x)+v) g x<y
2U(Ua +v) SERS0

GL(x | xo) = (B.13)
(Ula+ xo) +0)(U(a—x)+v) < x< ta

2U(Ua +v) 0=

Gly(x | x4)=0.0 (B.14)
Glix]xo)=1 —a<x<x

e ° (BIS5)
=1 Xo<x< +a

Giy(x | x0) =0.0 (B.16)

G1(x | x0) = (U/2) + v3(x — x,) (B.17)

APPENDIX C: ADVECTION TERM ERROR ANALYSIS

The expansion of the total source terms is the only approximation made in the
nodal Green’s tensor method. To examine the error this introduces, we follow a
procedure developed by Beernick and Dorning [36] for the analysis of neutronics
methods.

Starting from the first term on the RHS of Eq. (33), we write,
+b

1, =j+“ dx v3(x, ) (C.1a)

—~b
+a +a
= j dx v3(x, +b) — j dx v3(x, —b) (C.1b)

=11’1+11’2. (CIC)
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We now expand I, as

— J§=x £ ¢ BN o 7\
= GX U, 0\ TO) PolX

+05,(+b) pi(X) +535(+b) pa(x)+ -+ 12, (C2)
where p,(x) = p,(x, ) = standard Legendre polynomials, (C.3a)
,(x, +b)) = fo 55 (+b) po(x) (C.3b)
55, =[(2n+ 1)2a] f 0,(x, @) po(x) dx (C.3c)

and
[ pax) pul) de= L2020+ 1)1 5., (C3d)

We now expand the square brackeeted term in Eq. (C.2), using Eq. (C.3d) to
eliminate the cross terms,

L= [55+0)1 [ polx) polx) dx

+a
+2054(+b) 05 ,(+5) L Polx) pi{x) dx — 0, cross term

a

+085,(+001 [ putx) pylx) e

+ -+ + [cross terms and higher order coefficients ]
=[0},0(+5)]* {24}
+183,(+5)1{24/3). (C4)
Following Beernick and Dorning,
v ,(+b)is O(a), (C.5a)
which implies
(53 ,(+6)] is O? (C.5b)
and finally yields
[35,(+b6)17 {2a/3} is O*. (C.5¢)
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Therefore,
1, =[5 o(+5)1*{2a} + O(a®). (C.6a)
However,
_ b
uj,0(+b)=z 05(+b) (C.6b)
which yields
I, =[—5£%ai)x+0(a3). (C.6c)

Similar analyses can be done for I, , and the remaining total source terms.

APPENDIX D: A FuLL MULTIDIMENSIONAL LocAL GREEN’S TENSOR METHOD FOR
THE SOLUTION OF LAMINAR FLUID FLOW PROBLEMS

A local Green’s tensor method that yields multidimensional polynomial dis-
tributions for the velocities and pressure can also be developed. Applying the
Navier-Stokes equations (with the velocity vector in the convective term decom-
posed into v=v* + (v—v*), where v* is a reference value),

p— a T
(v*-V)—wW? 0 —
Ox
5 Uy S
0 (v*-V)—vV? > v, =< f, (D.1)
0
2 A
ox dy
L .
or
Afv, p}={f,0}. (D.2)
The adjoint Green’s tensor then satisfies
ATG"=3(x~x,) 8(y — yo) I, (D.3)

where A' is the adjoint operator.
After cross-multiplying the two matrix equations by the transpose of {v, p} and
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G', subtracting, integrating over the element, applying Gauss’ theorem, adding, and
subtracting the following integrals,

[ rtuiGl) o)+ U{GL} v, (D4)

and selecting the boundary conditions on the adjoint Green’s tensor as
(U+A"v){G1(r | o)}
+ A [W{GIAr | rp)} -+ 1{GLi(r" | 1)} ] =00 (D.5a)
(U+#"-v¥){GL(r | 1) (D.5.b)
+ A [W{Gr | r)} | +7{Gr | 6)} 1 =00,

the following set of local multidimensional integral equations is obtained:

Ux(ro)
Uy(l'o)
p(ro)

=j &r(GhT £
vi

+ ¥ [ arGLy )+ (6L )], (D6)
e O Shm e

where
Gi(r|rp)
{GL}= {GlLy(r|ry)} , (D.7)
Gl;(r|ro)
and,

Tr i)y = Uo () + A (v Vo (1) = Kp(t) e, g=x,y, k=i,j (D3)

and S’ is the surface of element /, ro€ S, and roe V7, n' is the unit outward normal
at r* and S’, M is the number of elements adjacent to /, and S is the surface
between elements / and m.

Boundary conditions other than those in Eq. (D.5) could be imposed on the
adjoint Green’s tensor. For example, the use of infinite medium boundary con-
ditions would make the construction of the adjoint Green’s tensor less difficult at
the expense of adding terms to the surface integral in Eq. (D.6).

Local integral equations are now developed for the J quantities using the relation

Jim (%) =2Up,(r*) — J, > ™(r*) (D.9)

and evaluating Eq. (D.6) at the surface.
Equations (D.6) and (D.9) (including the expressions for the boundary con-
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ditions) are then solved through the application of a local weighted residuals
procedure over the elemental volume and elemental surface, respectively. As was the
case in the local Green’s function method developed for heat conduction problems
[29], the expansion coefficients for the surface J quantities are solved first, either
iteratively or by direct inversion. The expansion coefficients for the volume-interior
velocities and pressures are then solved element-by-element. Since the source in this
case depends on the velocity due to the decomposition of the velocity vector in the
convective operator, the source must be updated and the process repeated until the
velocities and pressures are converged.

It should be noted that all the quantities on the right-hand side of Eq. (D.6) can
be approximated from a converged nodal Green’s tensor method solution obtained
using the method presented in Sections 2.1 through 2.2(c). Thus, this method could
be used in conjunction with the nodal method, after the latter is converged, to
obtain point-wise distributions for the velocity and pressure as a single final
iteration procedure.
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